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Figure1: Brittle fractureof ahollow stonesculpture.Forcesactingontheinteriorcreatestressesthatcausethemodelto fractureandexplode.

Abstract

We presenta new meshlessanimationframework for elasticand
plasticmaterialsthatfracture.Centralto ourmethodis ahighly dy-
namicsurfaceandvolumesamplingmethodthatsupportsarbitrary
crackinitiation,propagation,andtermination,while avoidingmany
of thestability problemsof traditionalmesh-basedtechniques.We
explicitly modeladvancingcrackfrontsandassociatedfracturesur-
facesembeddedin the simulationvolume. Whencutting through
thematerial,crackfrontsdirectly affect thecouplingbetweensim-
ulation nodes,requiringa dynamicadaptationof the nodalshape
functions.We show how local visibility testsanddynamiccaching
leadto anef�cient implementationof theseeffectsbasedon point
collocation. Complex fracturepatternsof interactingandbranch-
ing cracksarehandledusinga small setof topologicaloperations
for splitting, merging, and terminatingcrack fronts. This allows
continuouspropagationof crackswith highly detailedfracturesur-
faces,independentof thespatialresolutionof thesimulationnodes,
andprovideseffective mechanismsfor controlling fracturepaths.
We demonstrateour methodfor a wide rangeof materials,from
stiff elasticto highly plasticobjectsthatexhibit brittle and/orduc-
tile fracture.

CR Categories: I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism—Animation

Keywords: physics-basedanimation,elasticity, plasticity, frac-
ture,meshlessmethods

1 Intro duction

Physics-basedsimulation has gained increasing importance in
many �elds of computergraphics,including 3D game engines,
computeranimationfor feature�lms, surgerysimulation,andvir-
tual reality. With growing demandfor realismanddetail,thecom-
plexity of animationshasbeensteadily increasing,incorporating
a wide rangeof physical phenomena,suchas elasticand plastic
deformation[Terzopouloset al. 1987],[TerzopoulosandFleischer
1988], melting and�o w [Carlsonet al. 2002], �re [Nguyenet al.
2002],smoke [Fedkiw et al. 2001],andexplosions[Feldmanet al.

2003]. A centralgoal of physics-basedanimationis to easethe
burdenof theanimatorby partially automatingthecreationof par-
ticularly complex animationsthatareconsistentwith our everyday
experiencesof thephysicalworld. Fracturesimulationof deform-
ing solids [O'Brien and Hodgins1999], [O'Brien et al. 2002] is
oneprominentexample,wheremanuallyspecifyingall animation
parametersquickly becomesinfeasible.Researchin computeran-
imation hasthusfocusedon simulatingfracturingmaterialsbased
on physical modelsdevelopedin computationalfracturemechan-
ics [Anderson1995].

A currenttrend in this areais to enhance�nite elementmethods
(FEMs) using meshfree methods, e.g., particle-basedapproaches,
to modelthephysicalbehavior aroundacrackfront [Sukumaretal.
2000], [Belytschko et al. 2003] or to resortentirely to meshless
methods[Krysl and Belytschko 1999]. There are a numberof
featuresof thesemethodsthat make them favorable for fracture
simulation(see[Belytschko et al. 1996] for a detaileddiscussion).
Most importantly, meshlessmethodsavoid complex remeshingop-
erationsandtheassociatedproblemsof elementcuttingandmesh
alignmentsensitivity commonin FEM. Maintaininga conforming
meshcanbe a notoriouslydif�cult taskwhenthe topologyof the
simulationdomainchangesfrequently[Ortiz andPandol� 1999].
Repeatedremeshingoperationscan adverselyaffect the stability
andaccuracy of thecalculations,imposingundesirablerestrictions
on the time step. Finally, meshlessmethodsare well suited for
handlinglargedeformationsdueto their �e xibility whenlocally re-
�ning thesamplingresolution.

On thedownside,specialtreatmentis requiredfor theenforcement
of essentialboundaryconditions,dueto the lack of theKronecker
deltapropertyof meshlessshapefunctions(see[Fernandez-Mendez
andHuerta2004]for a recentsurvey). Also, meshlessmethodsare
computationallymoreinvolved,sincethe connectivity of nodesis
determinedat run-timeand the evaluationof the shapefunctions
requiresaninversionof themomentmatrix. However, by exploiting
temporalcoherenceusinglocalcachingschemes,thecomputational
burdencanbereducedsigni�cantly ashaslatelybeendemonstrated
in thereal-timesystemof [Müller etal. 2004].

1.1 Contributions

In this paperwe are concernedwith the applicationof meshless
methodsto the domainof computeranimation. The meshlessap-
proachprovidesuswith essential�e xibility in adaptingthevolume
andsurfacesamplingresolutionsto thesimulation�delity andap-
pearancerequirementsof theanimation,while handlingtopological
changesin alightweightandef�cient manner. Ourkey contribution



is a new meshlessanimationframework for elasticandplasticma-
terialsthatfracture.Ourmethodincorporates

� thedynamiccreationandmaintenanceof fracturesurfacesby
continuouslyaddingsurfacesamplesduring crack propaga-
tion,

� a meshlessinitial samplingof thevolumetricdomainandlo-
caldynamicre-samplingthatadaptsthenodalsamplingreso-
lution to handlefracturingandlargedeformations,

� the dynamic adaptationof shapefunctions wherever new
cracksurfacesarecreated,

� the handling of the complex topological events associated
with multiplebranchingandmergingcracks.

After discussingrelatedwork in Section1.2,we explain our mesh-
lessapproachfor solvingtheequationsof continuummechanicsin
Section2. Section3 describeshow we propagatecracksthrough
a solid and control the topology of crack surfacesand the simu-
lation domain. Dynamicadaptationof the spatialdiscretizationis
discussedin Section4 anddetailsof the implementationaregiven
in Section5. We concludethe paperwith a discussionof results
andanoutlookon futurework.

1.2 Relation with Previous Work

[Terzopoulosetal. 1987]pioneeredphysics-basedanimationof de-
forming objectsusing�nite differenceschemesto solve theunder-
lying elasticity equations.This work hasbeenextendedin [Ter-
zopoulosandFleischer1988] to handleplasticmaterialsandfrac-
tureeffects.Mass-springmodels[Hirotaetal.1998]andconstraint-
basedmethods[Smithetal. 2000]havealsobeenpopularfor mod-
eling fracturein graphics,as they allow for easycontrol of frac-
ture patternsandrelatively simpleandfast implementations.Re-
cent efforts have focusedon �nite elementmethodsthat directly
approximatetheequationsof continuummechanics[Chung1996].
O'Brien et al. were the �rst to apply this techniquefor graphical
animationin their seminalpaperon brittle fracture[O'Brien and
Hodgins1999].Usingelementcuttinganddynamicremeshingthey
adaptthesimulationdomainto conformwith thefracturelinesthat
arederived from the principal stresses. [O'Brien et al. 2002] in-
troducesstrain statevariablesto model plastic deformationsand
ductilefractureeffects.Elementsplittinghasalsobeenusedin vir-
tual surgery simulation,where[Bielser et al. 2003] introduceda
statemachineto modelall con�gurationsof how a tetrahedroncan
besplit. [Müller et al. 2001]and[Müller andGross2004]demon-
stratereal-timefracturingusinganembeddedboundarysurfaceto
reducethecomplexity of the�nite elementmesh.Thevirtual node
algorithmof Molino etal. [2004]combinestheideasof embedding
the surfaceand remeshingthe domain. Elementsare duplicated
andfracturesurfacesareembeddedin thecopiedtetrahedra.This
allows more �e xible fracturepaths,but avoids the complexity of
full remeshingandassociatedtimesteppingrestrictions.

Meshlessmethodshave beenintroducedto computergraphicsby
DesbrunandCani [1995], who modelsoft inelasticmaterialsus-
ing particlesystemscoatedwith a smoothiso-surface. Smoothed
Particle Hydrodynamics(SPH)hasbeenappliedin [Desbrunand
Cani 1996] andextendedusingspaceandtime adaptive sampling
in [Desbrun and Cani 1999] (see also [Debunne et al. 2001]).
[ChangandZhang2004] presentsa meshlessmethodfor animat-
ing elasticsolids,usinglinearsuperpositionof approximateanalyt-
ical solutionsfor point loading,analogousto theboundaryelement
methodof [JamesandPai 1999].

Our systemis mainly motivatedby recentadvancesin meshless
methodsfor computationalmechanics(see[Liu 2002] or [Fries

andMatthies2003] for goodoverviews). We build upon[M üller
et al. 2004] who introduceda meshlessanimationframework us-
ing point-basedrepresentationsfor boththesimulationvolumeand
theboundarysurfaceof elasticallyandplasticallydeformingsolids.
To simulatefractureeffectswe integratethedynamiccomputation
of shapefunctionsof [Belytschko et al. 1994] and [Organ et al.
1996], who discussednumericalexamplesfor simple 2D crack
problems.An extensionto 3D domainswaspresentedin [Krysl and
Belytschko 1999],wherefracturingwaslimited to non-interacting,
non-branchingcracks.[Venturaet al. 2002] introduceda meshless
fracturingmethodusing level setsto de�ne fracturesurfacesim-
plicitly. They show examplesfor singlecracksin 2D,but assertthat
theirmethodcanbeextendedto 3D simulations.In ourscheme3D
fracturesurfacesaremodeledandsampledexplicitly. Thissupports
ef�cient modelingof �ne geometricdetail, suchassharpcreases
andcorners,andallows for easycontrol of fracturepatterns,both
of whicharecrucialfor graphicsapplications.

2 Meshless Simulation

We �rst give a brief review of therelevantequationsof continuum
mechanicsand discussthe discretizationin the meshlesssetting.
Thenwe explain how we canadaptthe simulationto incorporate
discontinuitiesintroducedby fracture.

Givena3-dimensionalsolidwith materialcoordinatesx, wede�ne
thepositionsof thedeformedmodelin world coordinatesasx + u,
whereu = (u;v;w)T is a displacementvector�eld. The deforma-
tion inducedby u createsastrain,whichcanbecomputedfrom the
gradientÑu usingthequadraticGreen-Saint-Venantstraintensoras

e = (Ñu+ ÑuT + ÑuÑuT )=2:

Assuminga Hookeanmaterial,theelasticstresss is relatedto the
straine ass = Ce, whereC is a rank four tensorthatde�nes the
constitutive law of thematerial. Theelasticforceperunit volume
at x canthenbe derived as f = � s Ñue (see[Müller et al. 2004]
for details). To discretizethe force distribution, the displacement
�eld u is typically approximatedasu(x) � å i F i(x)ui , whereui are
thedisplacementvectorsat a discretesetof nodesf xig andF i are
shapefunctionsassociatedwith thesenodes.For FEM, theF i are
constructedusinga tessellationof thesimulationdomaininto non-
overlappingelements.Meshlessmethodsrequireno suchspatial
decomposition,but insteadusetechniquessuchasthemoving least
squares(MLS) approximation[LancasterandSalkauskas1981] to
de�ne theshapefunctionsbasedon thelocationof thenodesonly.
Given a completepolynomial basisp(x) = [1 x : : : xn]T of or-
dern andaweightfunctionwi , themeshlessshapefunctionscanbe
derivedas

F i(x) = wi(x;xi)pT (x)[M(x)] � 1p(xi); (1)

where[M(x)] � 1 is theinverseof themomentmatrixde�ned as

M(x) = å
i

wi(x;xi)p(xi)p
T (xi):

A detailedaccounton how to constructshapefunctionsfor mesh-
lessmethodscanbefoundin [FriesandMatthies2003].Theweight
functionwi playsanimportantrole in this context, asit de�nesthe
supportof the shapefunctionsandthusthe couplingbetweenthe
nodes.Weusethecompactlysupportedradialsplinefunction

wi(x;y) = wi(r) =

(
1� 6r2 + 8r3 � 3r4 r � 1
0 r > 1;

wherer = (kx � yk)=hi . Thesupportradiushi is determinedadap-
tively dependingon the local densityof nodes,which is important



whendynamicallyre-samplingthesimulationdomainduringfrac-
turing (seeSection4). Sincewe aremainly interestedin thegradi-
entÑui = [Ñui Ñvi Ñwi ] at thenodesxi , wedirectlyapplytheMLS
procedureto thederivatives[Müller etal. 2004].Thisyields

Ñui = [A(xi)]� 1å
j

wi(xi ;x j )(u j � ui)(x j � xi); (2)

whereA(xi) = å j (x j � xi)(x j � xi)Twi (xi ;x j ) is alsousedfor the
computationof Ñvi andÑwi . This approximationavoidsthecostly
computationof thederivativeof theinvertedmomentmatrix,which
would be necessarywhen directly computingthe derivatives of
Equation1. To obtaina �rst orderaccurateapproximationscheme,
weusethelinearbasisp = [1 x]T . Notethateventhoughtheweight
functionsareradially symmetricandgiven in analyticalform, the
shapefunctionsandthe approximationof their derivativescan in
generalonly be evaluatednumericallyusing Equations1 and 2.
Comparedto FEM, meshlessGalerkin methodstypically require
a highernumberof integrationpointswhensolvingthePDEin the
weakformulation[Belytschko etal.1994].Weovercomethisprob-
lem by applyinga point collocationscheme,i.e., theunknownsare
only evaluatedat the discretenodesxi [Zhang et al. 2001]. We
alsoincorporatethestrainstatevariablesof [O'Brien etal. 2002]to
handleplasticdeformationasdiscussedin [Müller etal. 2004].

2.1 Mo deling Discontinuities

Whenfracturingthe model,we needto adaptthe shapefunctions
to respectthe discontinuity createdby a crack. Belytschko et
al. [1994] introduceda visibility criterion, wherenodescanonly
interactwith eachother, if the ray connectingthe two nodecen-
tersdoesnot intersecta boundarysurface. However, considering
only this line-of-sightconstraintcausesundesirablediscontinuities
of theshapefunctionsnotonly acrossthecrack,but alsowithin the
domain(seeFigure2 (a)). We usethe transparency methodpro-
posedby Organetal. [1996] to allow partialinteractionof nodesin
thevicinity of thecrackfront. Supposetheray betweentwo nodes
xi and x j intersectsa crack surfaceat a point xs (Figure 2 (c)).
Then the weight function wi (andsimilarly for w j ) is adaptedto
w0

i (xi ;x j ) = wi(kxi � x jk=hi + (2ds=(khi))2), whereds is thedis-
tancebetweenxs and the closestpoint on the crack front, andk
controls the opacity of the crack surfaces(we use k = 1 in all
our computations).Effectively, a crackpassingbetweentwo nodes
lengthensthe interactiondistanceof the nodesuntil eventually, in
thisadapteddistancemetric,thenodeswill betoofarapartto inter-
act.As shown in Figure2 (b) thismethodavoidsthediscontinuities
of theshapefunctionswithin thedomain.

3 Crack Propagation and Surface Sampling

Introducingcutsinto the modelexposesinterior partsof the solid
thatneedtobeboundedbynew surfacesheets.Previousapproaches
basedon FEM de�ne fracturesurfacesusingfacesof the tetrahe-
dral elements[O'Brien andHodgins1999], [Bielser et al. 2003],
[Müller andGross2004],whichrequirescomplex dynamicremesh-
ing to avoid unnaturallycoarsecracksurfaces.Thevirtual nodeal-
gorithmof [Molino et al. 2004]extendsthis conceptby combining
elementboundarieswith piecewiselinearsurfacepartsembeddedin
duplicatedtetrahedra.To simplify the topologicalcomplexity and
avoid stability problemsduring the simulation,all of thesemesh-
basedapproachesimposerestrictionson whereandhow themate-
rial can fracture. Dependingon the discretizationof the domain,
theseconstraintscanleadto temporalor spatialaliasingartifacts,
suchas button-poppingor jaggedfracturelines, that degradethe
realismof the animation. Our goal is to lift theserestrictionsand
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Figure2: Comparisonof visibility criterion (a) and transparency
method(b) for an irregularly sampled2D domain. The effect of
a crack,indicatedby thehorizontalwhite line, on weight function
wi andshapefunctionF i is depictedfor thenodexi markedby the
cross.A schematicview of thetransparency methodis shown in (c)
andtheeffectof dynamicupsamplingis illustratedin (d).

de�ne a fracturealgorithmthatallowsarbitrarycrackinitiation and
propagation,while avoidingastrongdependenceontheunderlying
discretization.To thisendweusetheideaof anembeddedsurface,
but explicitly createnew fracturesurfacesheetswhenever thema-
terial is cut. Thedynamicadaptationof theshapefunctionsusing
the transparency methoddescribedabove will thenautomatically
adjustthesimulationto thenewly createdfracturesurfaces.

3.1 Surface Mo del

We use the point-basedrepresentationproposedin [Pauly et al.
2003]to modeltheinitial objectsurfaceandall dynamicallycreated
fracturesurfaces.Theboundaryof a 3D solid is de�ned by a setof
surfacesheets,representedascollectionsof overlapping,elliptical
splats,called surfels. Sinceno explicit connectivity information
needsto bemaintainedbetweensurfels,dynamicsurfacesampling
is simpleandef�cient, which is crucial for complex fracturesimu-
lations.Sharpcreasesandcornersarerepresentedimplicitly asthe
intersectionof adjacentsurfacesheetsusingtheCSGmethodpro-
posedby [Wicke et al. 2004]. Thepreciselocationof creaselines
is evaluatedat rendertime (seeFigure9), avoiding costlysurface-
surfaceintersectioncalculationsduringsimulation.

Crack Mo del. A crackconsistsof a crackfront andtwo sepa-
ratesurfacesheetsthat areconnectedat the front to form a sharp
crease. The crack front itself is de�ned by a linear sequenceof
cracknodesc1; : : : ;cn thatcontinuouslyaddsurfelsto the fracture
surfaceswhile propagatingthroughthematerial.For surfacecracks
the endnodesof the front lie on a boundarysurfaceor a fracture
surfaceof a different crack. Interior crackshave circularly con-
nectedcrackfronts,i.e., thetwo endnodesc1 andcn coincide(see
Figures3 and5).

3.2 Crack Initiation and Propagation

Crack initiation is basedon the stresstensors . A new crack is
createdwherethe maximaleigenvalueof s exceedsthe threshold
for tensilefracture(openingmodefracture[Anderson1995]).This
conditionis evaluatedfor all simulationnodes.To allow crackini-
tiation anywhereon thesurfaceor in the interior of themodel,we
alsoapplya stochasticschemeto initiate crackfronts. We createa
randomsetof surfaceandinterior samplepointsandevaluatethe
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Figure 3: Front propagation and fracturesurfacesampling. The
upperrow shows a top view of an openingcrack, the lower part
shows a sideview of a singlefracturesurface. After propagating
thecracknodesci accordingto di , endnodesareprojectedontothe
surface. If necessary, the front is re-sampledandnew surfelsare
addedto thefracturesurfacesheets.

stresstensorat thesepointsusingweightedaveragingfrom adja-
centsimulationnodes.The inherentsmoothingis usuallydesired
to improve thestability of thecrackpropagation[Belytschko et al.
2003]. If a crackfront is initiatedat oneof thesespatiallocations,
we increasethe fracturethresholdsof all neighboringsamplesto
avoid spuriousbranching[Molino et al. 2004]. We initialize a new
crackwith threecracknodes,eachof whichcarriestwo surfelswith
identicalpositionandradius,but opposingnormals.Thesesurfels
form the initial crack surfacesthat will grow dynamicallyas the
crackpropagatesthroughthe solid (Figure3). Crackpropagation
is determinedby thepropagationvectorsdi = a i l i(vi � t i), where
l i is themaximaleigenvalueof thestresstensorat ci , andvi is the
correspondingeigenvector. Thevectort i approximatesthetangent
of the crack front as t i = (ci+ 1 � ci� 1)=kci+ 1 � ci� 1k, wherewe
set c0 = c1 and cn+ 1 = cn for surfacecracks. The parametera i
dependson the materialand can be usedto control the speedof
propagation. Thenew positionof a cracknodeci at time t + Dt is
thencomputedasci + Dtdi , whereDt is the simulationtime step.
We additionallyprojecttheendnodesof surfacecracksbackonto
the surfacethat they originatedfrom usingthe projectionmethod
of [AlexaandAdamson2004].Sincepropagationaltersthespacing
of cracknodesalongthefront, wedynamicallyadjustthesampling
resolutionof thecracknodesaftereachpropagationstep.If two ad-
jacentcracknodesarefurtherapartthantheradiusof their associ-
atedsurfels,anew nodeis insertedusingcubicsplineinterpolation
to determinethenew node's position.We remove redundantcrack
nodeswhenthe distanceto the immediateneighborsbecomestoo
small.Fracturesurfacesheetsaresampledby insertingnew surfels
if thepropagationdistanceexceedsthesurfelradius,indicatingthat
a holewould appearin thesurface.This spatially(alongthecrack
front) andtemporally(alongthepropagationvectors)adaptivesam-
pling schemeensuresuniformly sampledandhole-freecracksur-
faces(seeFigure3).

Transparency Weights. We determinethetransparency weight
w0

i (xi ;x j ) for a pair of simulation nodesby computing the in-
tersectionpoint on the fracturesurfaceof the ray connectingthe
two nodes(Section2.1) usingthemethodproposedby [Alexa and
Adamson2004].Thedistanceds to thecrackfront is approximated
asthe shortestEuclideandistanceto the line segmentsde�ned by
adjacentcracknodes.

fracture surfacesreplicated surfel

new simulation nodes

crack initiation

simulation nodes

surfels

invisible nodecrack front

Figure4: Transparency weightsfor embeddingsurfelsin thesim-
ulation domain. The thicknessof the lines indicatesthe in�uence
of a simulationnodeon thedisplacementof a surfel. During crack
propagation, new surfelsand simulationnodesare createdusing
dynamicre-samplingasdescribedbelow.

To animatetheboundarysurfaceof thesolid,we applya free-form
deformationapproachthatembedssurfacesheetsin thevolumetric
domain.Thedisplacementsof surfelsarecomputedasa weighted
averagefrom neighboringsimulationnodes,usingthegradientap-
proximationÑui asdescribedin [Müller et al. 2004]. Heretheuse
of thetransparency method(Section2.1)is crucialto computethese
weights,asit ensuresasmoothdisplacement�eld at thecrackfront
(seeFigure4). We exploit thefact thatduringsimulation,changes
of the transparency weightsarelocalizedto a small region around
thecrackfront. Thusonly asmallfractionof theweightsneedto be
updatedin every timestep,leadingto anef�cient implementation.

3.3 Topology Control

Themajorchallengewhenexplicitly modelingfracturesurfacesis
the ef�cient handlingof all eventsthat affect the topologyof the
boundarysurfacesand the simulationdomain. Apart from crack
initiation, we have identi�ed threefundamentaleventsthataresuf-
�cient to describetheoftenintricateconstellationsthatoccurduring
fracturing:Termination, splitting, andmergingof crackfronts:

� A crack is terminatedif the crack front hascontractedto a
singlepoint.

� Splitting occurswhena crackfront penetratesthrougha sur-
faceasshown in Figure5 (a). We usethe methodproposed
in [AlexaandAdamson2004]to estimatethesigneddistance
of acracknodeto asurfacesheetandinitiateasplittingevent
whenasignchangeoccursfrom onetimestepto thenext. The
front is split at theedgesthatintersectthesurface,discarding
all nodesthat areoutsidethe solid, except the onesthat are
connectedto an interior node.Thesenodesbecomenew end
nodesby moving themto the intersectionpoint with thesur-
face. As shown on the left of Figure5 (a), a surfacecrack
is split into two new crack fronts that sharethe samecrack
surfaces,i.e. independentlyaddsurfelsto the samefracture
surfacesheetsduringpropagation.An interiorcrackbecomes
asurfacecrackaftersplitting,asillustratedon theright.

� A merging event is triggeredwhentwo surfaceendnodesof
two crackfronts meetby creatingthe appropriateedgecon-
nections(Figure5 (b)). Two surfacecracksaremergedinto
a singlesurfacecrack(left), while a circular front is created
if the two end nodesare from the samecrack front (right).
Typically, whencracksmerge,their fracturesurfacescreatea
sharpcorner, sowe maintainseparatefracturesurfacesheets
thatintersectto createacrease.

As canbeseenin Figure5, splitting andmerging aredual to each
other. The former introducestwo new endnodes,while the latter
decreasesthenumberof endnodesby two. Similarly, crackinitia-
tion andterminationaredual topologicaloperations.Notethat the
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Figure5: Topologicaleventsduring crackpropagation. (a) Split-
ting, (b) merging. The top andbottomrows show a cutaway view
with onecracksurfaceexposed. The sketchesin the centerrows
show this fracturesurfacein gray, end nodesof crack fronts are
indicatedby whitedots.

intersectionof two crackfronts at interior nodesis handledauto-
maticallyby �rst splitting both frontsandthenmerging thenewly
createdendnodes.

Snapping. One techniquethat we found particularly useful to
improve thestabilityof thesimulationis snapping. Snappingguar-
anteesthat problematicsmall features,suchas tiny fragmentsor
thin slivers,do not arise.It worksby forcing nodesvery nearother
nodesor very nearsurfacesto becomecoincidentto ensurethat
any featurespresentareof sizecomparableto thelocal nodespac-
ing. Similar methodshave beenproven to guaranteetopological
consistency with the ideal geometryin othersettings[Guibasand
Marimont 1995]. Speci�cally, when a front intersectsa surface,
we projectall cracknodesthat arewithin snappingdistanced to
thesurfaceontothesurface.This avoidsfragmentingthefront into
small piecesthat would be terminatedanyway within a few time
steps. We merge fronts when the end nodesare within distance
d by moving bothendnodesto their averageposition.This avoids
smallsliversof materialto becreated,whichwouldrequireasignif-
icantnumberof new simulationnodesto beaddedto themodel(see
Section4). Similarly, the intersectionof two crackfrontscanlead
to multiple splitting andmerging events,which we combineinto
a singleevent to avoid the overheadof creatingandsubsequently
deletingmany smallcrackfronts. We alsoapplysnappingto front
termination,wherewe deletea crackfront whenall its nodesare
within distanced from eachother. We foundtheaveragelocal sur-
fel radiusto be a good choicefor d, as it relatesdirectly to the
samplingresolutionof themodelsurface.

4 Volumetric Sampling

Oneof the main advantagesof meshlessmethodslies in the fact
that they supportsimpleandef�cient samplingschemes.To simu-
late thedynamicsof a 3D objectde�ned by a boundarysurfaceS,
we�rst needto discretizethevolumeV boundedby S, i.e.,compute
thesetof simulationnodesf xig. Similar to adaptive �nite element
meshing,we wanta highernodedensitycloseto theboundarysur-
faceandfewernodestowardstheinteriorof thesolid. Wecompute
thenodalsamplingof V usingabalancedoctreehierarchy asshown
in Figure6. Startingfrom theboundingboxof S, acell of theoctree

(a) (b) (c) (d)

Figure6: Volumetricsampling:(a)octreedecomposition,(b) initial
adaptive octreesampling,(c) samplingafterlocal repulsion,where
circles indicate0.1 iso-valueof weight function, (d) dynamicre-
samplingduringfracturing.

is recursively re�ned, if it containspartsof S. The�nal numberof
nodesis controlledby prescribingamaximumoctreelevel atwhich
therecursive re�nementis stopped.Giventhis adaptive decompo-
sition, we createa samplepoint at eachoctreecell centerthat lies
within V. To createa locally moreuniform distribution, samples
aredisplacedwithin their octreecell by applyinga few iterations
of point repulsion.We setthesupportradiushi of eachnodexi to
twice themaximumdistancefrom xi to thesamplesin all adjacent
cells. This guaranteessuf�cient overlapof the nodaldomainsto
allow stablecomputationof the invertedmomentmatrix (seeSec-
tion 2). Similarto [Müller etal.2004],eachnodeis assigneda�x ed
massmi = 4=3ph3

i r , wherer is thematerialdensity.

Duringsimulation,weneedto dynamicallyadjustthediscretization
of thesimulationdomain.Without dynamicre-sampling,frequent
fracturingwouldquickly degradethenumericalstabilityof thesim-
ulationevenfor aninitially adequatelysampledmodel.New nodes
needto beinsertedin thevicinity of thecracksurfacesandin partic-
ular aroundthecrackfront. At thesametime,strongdeformations
of the modelcan lead to a poor spatialdiscretizationof the sim-
ulation volume, which also requiresa dynamicadaptationof the
samplingresolution.This is particularlyimportantfor highly plas-
tic materials,wherethe deformedshapecandeviate signi�cantly
from its original con�guration.

We usea simple local criterion to determineunder-samplingat a
nodexi . Let Wi = å j w0

i (xi ;x j )=wi(xi ;x j ) be the normalizedsum
of transparency weights(seeSection2.1). Without visibility con-
straints,Wi is simply thenumberof simulationnodesin thesupport
of xi . During simulationWi decreases,if fewer neighboringnodes
arefounddueto strongdeformations,or if thetransparency weights
becomesmallerdueto a crackfront passingthroughthe solid. If
Wi dropsbelow a thresholdWmin (we useWmin = 10), new nodes
areinsertedaroundxi , asshown in Figure7. WeinsertdWmin � Wie
new sampleswithin the supportradiusof xi , similar to [Desbrun
andCani1999]. Themassassociatedwith xi is distributedevenly

original
configuration

re-sampled
configuration

re-sampled
configuration

crack
propagation

volume
deformation

xi

Figure 7: Dynamic re-samplingat the simulationnodexi due to
strongdeformation(left) andfracturing(right).

amongthe new nodesandtheir supportradiusis adaptedto keep
the overall materialdensityconstant. Note that masswill not be
strictly preserved locally in the sensethat the massdistribution of
nodesafter fracturing will not preciselymatchthe correctdistri-
bution accordingto the separatedvolumescreatedby the fracture
surfacesheets.However, masswill be preserved globally andthe
local deviationsaresuf�ciently small to not affect the simulation



noticeably(cf. [Molino etal. 2004]).

To preventexcessive re-samplingfor nodesvery closeto a fracture
boundarywe restrictnodesplitting by prescribinga minimal node
supportradius.Notethatre-samplingdueto fracturingis triggered
by thecracknodespassingthroughthesolid,similarto adaptingthe
visibility weights(seeSection3). Performingthesecheckscomes
essentiallyfor free,sinceall therequiredspatialqueriesarealready
carriedout duringvisibility computation.Figures6 (d) and9 illus-
tratethedynamicadaptationof thesamplingrateswhenfracturing.
Theeffecton theshapefunctionsis shown in Figure2 (d).

5 Implementation

Figure8 shows a high-level overview of our simulationpipeline.
We detect and processcollisions using the method proposed
in [Keiseret al. 2004]. Collision detectionis basedon the signed
distancefunction of the boundarysurfaces[Alexa and Adamson
2004]. Interpenetrationsareresolvedby computinganapproximate
contactsurfacethatis consistentfor bothmodels.Fromthecontact
surfacewecomputepenaltyforcessimilarto [O'Brien andHodgins
1999]. After resolvingcollisionsandcontacts,strainsandstresses
arecomputedasdescribedin Section2. Given the distribution of
stress,we initiate new crackfronts,propagateexisting cracks,and
adaptthespatialsamplingof thefracturesurfaces(Section3). This
stageis followedby thedynamicre-samplingof thesimulationdo-
main(Section4), beforewe integratethenodalforcesusinganex-
plicit Leap-frogschemeto obtainthenew displacements.

Fracture
Handling

Collision
Response

Strain/Stress
Computation

Time
Integration

Dynamic
Sampling

Figure8: High-level overview of ourmeshlesssimulationpipeline.

Data Structures. For fracturesimulationof elasticand mod-
eratelyplasticmaterials,mostof the computationsareperformed
using a �x ed referencesystem[Müller et al. 2004]. This means
thatthecouplingof adjacentnodescanbepre-computedat thebe-
ginning of the simulationby examining the overlapof the corre-
spondingshapefunctionsin materialcoordinatespace.Thesenodal
relationsare storedin a sparseneighborhoodgraph,whereeach
edgeei j in thegraphindicatesthatnodexi interactswith nodex j .
During simulationthe graphis then usedto accelerateneighbor-
hood queries. To updatethe neighborhoodrelations,we needto
checkif a passingcrackfront affectsthe visibility of neighboring
nodesin the vicinity of the front. This is a very localizedsearch
that only requiresa few ray-surfaceintersectionsandcanthusbe
performedvery ef�ciently . Note that this graphdatastructuredif-
fers greatly from a FEM mesh,whereedge-,face-,andelement-
relationsneedto bekeptconsistentat all times. For highly plastic
materials,neighborhoodinformationis computeddynamically, us-
ing thespatialhashinggrid proposedin [Teschneretal. 2003].This
datastructureis also usedto acceleratethe collision queries,us-
ing anaxisalignedboundingbox hierarchy asdiscussedin [Keiser
etal. 2004].

Rendering. All imageswerecreatedusingtheopen-sourceren-
derer POV-Ray (http://www.povray.org), which we extendedto
handleray intersectionswith surfels as proposedin [Alexa and
Adamson2004]. As mentionedabove, we avoid an explicit rep-
resentationof theintersectioncurve of two adjacentsurfacesheets
by deferringthesurface-surfaceintersectionproblemto therender-
ing stage,whereit can be solved ef�ciently . We adaptthe CSG

Figure9: Surfelsareclippedto createsharpcreaseswith dynami-
cally createdfracturesurfaces,whosevisualroughnessis controlled
using3D noisefunctionsfor bumpmapping.Thesamplingof the
simulationdomainis shown on the right, wheregreenspheresde-
notere-samplednodes.

renderingtechniquefor point-sampledsurfacesproposedby Wicke
etal. [2004]. Duringfracturing,wemaintainalist of all intersecting
surfacesheetsthatform asharpcrease.With thisminimal topologi-
calstructureall surface-surfaceintersectionscanberesolvedby the
rendererduringray-casting(seeFigure9).

Control. Apart from specifyingmaterialpropertiesto in�uence
the courseof the simulation,we provide explicit mechanismsfor
controlling fracturebehavior. This is crucial in productionenvi-
ronmentsand interactive applications,where the visual effect is
often more importantthanphysical accuracy. We exploit the ex-
plicit modelingof fracturesurfacesandthedynamicadaptationof
shapefunctionsandnodalsamplingresolutionto supportprecise
control of whereandhow a modelfractures.To this endwe have
implementeda simplepaintinginterfacethatallows fastprototyp-
ing of fracturesimulationsby prescribingfracturepatternsdirectly
on the objectboundary. The usercanpaint arbitrarynetworks of
crackson the surfaceand explicitly specify stressthresholdsfor
thesecracks.Additionally, weprovideapropagationhistoryto con-
trol the propagation of cracksthroughthe material. The adjusted
propagation vectorat time t is computedasthe weightedaverage
d̄t

i = gdt� Dt
i + (1 � g)dt

i , whereg 2 [0;1] is the history factor. A
purelystress-basedpropagation is achievedfor g = 0, while g = 1
yields purelygeometriccracksandfracturesurfaces.We alsouse
volumetrictexturesfor adjustingthefracturethresholdswithin the
material.Thepre-scoringtechniqueof [Molino et al. 2004],where
the stresstensoris modi�ed accordingto an embeddedlevel set
function,canalsobeintegratedeasily.

6 Results and Discussion

Figure1 shows brittle fractureof a stiff elasticobject,computedat
anaverageof 22 secondsper frame. The initial modelis sampled
with 4.3ksimulationnodesand249ksurfacesamples.During frac-
turing thenumberof nodesincreasesto 6.5k,while 61k additional
surfelshavebeencreatedto de�ne thenew fracturesurfaces.Com-
paredtoFEM-basedapproachesthatusethefacesof simulationele-
mentsto de�ne theobjectsurface,weachieveasigni�cantly higher
level of surfacedetailwithoutrequiringaproportionallylargenum-
berof simulationnodes.Thisde-couplingof thesimulationdomain
from therepresentationof theboundarysurfaceleadsto increased
performanceandprovidesessentialcontrolin computeranimation,
wherevisual quality is typically favored over physical accuracy.
On the other end of the spectrumof materialpropertiesthat our
methodcanhandleis theexampleof Figure10. Thehighly plastic
bubble-gumis deformedbeyondrecognitionbeforesplitting along
a complex fracturesurface.Figure11 illustratescrackfront merg-
ing events. Four of a total of 49 crackfronts merge in the center



Figure10: Highly plasticdeformationsandductile fracture. Ini-
tial/�nal sampling:2.2k/3.3ksimulationnodes,134k/144ksurfels,
2.4sec/frame.

of the twistedbar to form a circular crackfront. Figure12 shows
how wecanexplicitly controlfracture,usingacombinationof crack
painting,propagationhistory, andadaptive fracturethresholds.

Notethatall modelsshown in thispaperhavebeenre-sampledsub-
stantiallyduring the simulationto matchthe increasedgeometric
andtopologicalcomplexity after fracturing. Thesimplicity of this
dynamicre-samplingof the simulationdomainhighlights one of
the main bene�ts of meshlessmethodsfor physics-basedanima-
tion. Due to minimal consistency constraintsbetweenneighbor-
ing nodes,dynamicre-samplingis ef�cient andeasyto implement,
ascomparedto the far moreinvolvedre-meshingmethodsusedin
FEM simulations.A similar argumentholdsfor our surfacesam-
pling method.Insteadof maintainingaconsistentsurfacemeshand
dynamicallycutting and re-meshingduring simulation,our sam-
pling schemesimply insertsandmovessurfelsduringcrackprop-
agation. Surface-surfaceintersectionsareresolved at rendertime,
avoidingcostlytopologicalupdatesduringsimulation.In principal,
however, any surface representationthat supportsinside/outside
queriesandray intersectionscanbeusedin oursystem.

Another advantageof our meshlessapproachis the �e xibility in
handlinga wide rangeof differentmaterialproperties,asshown in
the examplesof Figures1 and 10. However, extremely stiff ob-
jectsrequireverysmalltimestepsto obtainanaccuratedistribution
of stresswithin the material. While this problemcan be allevi-
atedusing implicit or semi-implicit integration schemes,simpler
approachessuchas [Smith et al. 2000] might be more appropri-
atefor materialsthatdo not exhibit noticeabledeformationsbefore
fracturing. Couplingof deformablebodieswith rigid bodiessuch
as the groundplanein Figure 10 requiresenforcementof essen-
tial boundaryconditions.Currentlywe resolve all collisionsusing
penaltyforceson the simulationnodes,which doesnot guarantee
that the simulationis free of self-intersectionsat all times. More

Figure11: Crackmerging. Initial/�nal sampling:2k/3k simulation
nodes,29k/45ksurfels,10sec/frame.

advancedmethodssuch as Lagrangemultipliers or the Nitsche
method[Fernandez-MendezandHuerta2004]couldbe integrated
into oursystem,but would leadto highercomputationalcosts.

A generallimitation of the meshlessapproachis that we require
evenverysmallfragmentsto besampledsuf�ciently densein order
to obtainastableevaluationof theshapefunctions.Thisin�ates the
numberof simulationnodeswhenanobjectis fracturedexcessively,
which slows down thecomputations.If performanceis crucial,we
resortto modelingsmallpiecesof materialasrigid bodies,assum-
ing thattheinternaldeformationsarenegligible. Fortunately, large
numbersof very small fragmentsare mainly createdby stiff ob-
jectsthatexperiencebrittle fracture,wheresuchanapproximation
is reasonable.

Figure 12: Controlledfracture. Initial/�nal sampling: 4.6k/5.8k
simulationnodes,49k/72ksurfels,6 sec/frame.

7 Conclusion and Future Work

Wehaveintroducedanew systemfor animatingdeformableobjects
that fracture. Insteadof maintaininga consistentvolumetricmesh
usingcontinuouscutting andre-structuringof �nite elements,we
dynamicallyadjustnodalshapefunctionsbasedon simplevisibil-
ity constraints. The spacediscretizationis continuouslyadapted



usinginsertionsof simulationnodes.Similarly, a point-basedrep-
resentationis built for theboundarysurface,which allows ef�cient
dynamicsamplingof fracturesurfaces,andfacilitatesexplicit con-
trol of theobjecttopology.

Thereare a numberof interestingdirectionsfor future research.
Extendingour methodto a hierarchicalschemewould allow more
ef�cient simulationof physical phenomenathat occurat different
scales.We alsobelieve that new datastructurescan improve the
tradeoff betweenlocalcachinganddynamicre-computation,which
is at thecoreof ourmeshlessanimationsystem.In additionweplan
to extendour physicalmodelto includemorecomplex constitutive
models,allow the modelingof thin shells,and supportcoupling
betweendeformablebodiesand�uids.
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